Cade ObliviousStencilComputations

Matteo Frigo and Volker Strumpen®
IBM Austin Researb Laboratory
11501Burnet Road, Austin, TX 78758

May 25, 2005

Abstract

We presern a cade oblivious algorithm for stencil com-
putations, which arise for example in “nite-di®erence
methods. Our algorithm appliesto arbitrary stencilsin
n-dimensional spaces. On an \ideal cace" of size Z,
our algorithm saves a factor of £( Z1™) cade misses
comparedto a naive algorithm, and it exploits temporal
locality optimally throughout the ertire memory hier-
archy.

1 Intro duction

A stencil de nes the computation of an elemernt in

an n-dimensional spatial grid at time t as a function

of neighboring grid elemers at time t 1;:::;ti k.

This computational pattern arisesin many contexts,

including explicit “nite-di®erence methods [5]. The
n-dimensional grid plus the time dimension span an
(n+ 1)-dimensionalspacetime .1 Each spacetimepoint,

except possibly for initial and boundary values,is com-
puted by meansof a computational kernel . In prac-
tical implementations of stencils, there is often no need
to store the ertire spacetime;storing a bounded num-
ber of time steps per spacepoint is suzcient. For ex-
ample, considera 3-point stencil in 1-dimensionalspace
(2-dimensional spacetime): Becausethe computation of
apoint at time t dependsonly upon three points at time

ti 1,it is suxcient to storetwo time stepsonly. For this

important caseof stencil computations with kernelsthat

require a bounded amount of storage per spacepoint,

we present a cade-oblivious algorithm that exploits a
memory hierarchy optimally.

A stencil computation is atraversalof spacetimein
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an order that respects the data dependenciesimposed
by the stencil. The simplest stencil computation ap-
plies the kernel to all spacetimepoints at time t before
computing any point at time t+ 1. On a memory hierar-

chy, if the size of the storagerequired for the spacetime
points of one time step exceedsthe cace size Z, this

simple computation incurs a number of cache misses
proportional to p, where p is the number of spacetime
points computed. In cortrast, when traversing a suz-

ciently large rectangular region of (n + 1)-dimensional
spacetimespanninga suzciently largetime interval, our
algorithm incurs at most O(p=Z'™) cache misseson a
madine with an ideal cade [2] of sizeZ. This num-
ber of cache missesmatches the lower bound of Hong
and Kung [3] within a constart factor. Unlike blocked
algorithms, our algorithm is cache oblivious : it does
not cortain the cace size as a parameter [2]. There-
fore, the algorithm makes optimal use of ead level in

a multi-lev el memory hierarchy. In addition, our algo-
rithm applies to arbitrary stencils and arbitrary space
dimensionn > 0.

Cacdhe oblivious algorithms for special casesof stencil
computations have been proposedbefore. Bilardi and
Preparata [1] discusscade oblivious algorithms for the
related problem of simulating large parallel machineson
smaller machinesin a spacetime-exciert manner. Their
algorithms apply to 1-dimensional and 2-dimensional
spacesand do not generalizeto higher dimensions. In
fact, the authors declarethe 3-dimensionalcase,and im-
plicitly higher dimensional spacesto be an open prob-
lem. Prokop [4] gives a cache oblivious stencil algo-
rithm for a 3-point stencil in 1-dimensional space,and
provesthat the algorithm is optimal. His algorithm is
restricted to square spacetimeregions, and it does not
extend to higher dimensions. We are unaware of any
previous solution of the generaln-dimensional case.

We introduce a simpli ed cade-oblivious stencil al-
gorithm for 1-dimensionalgrids and a 3-point stencil in

1We emphasize that we denote the dimensionality of space
as n and the dimensionalit y of spacetime as n + 1. When using
the term space, we implicitly exclude the time dimension. When
we include the time dimension, we refer to spacetime.



X1, int Xj)

S, Xo, X1 +X1 *'S, X1);

void walkl(int tg, int ti, int Xg, int Xg, int
{
int ¢t =1t - to;
if (¢t ==1) {
[* base case */
int x;
for (X = Xg; X < X1; +#X)
kernel( tg, X);
} else if (¢t >1) {
if (2 * (X1 - Xo) + (X2 - Xo) * ¢t >=4* ¢t) {
[* space cut */
int Xm = (2 * (Xo +X1) + (2 + X0 +Xx5) * Ct) / 4
walkl(to, ti, Xo, Xo, Xm, -1);
walkl(to, ti, Xm, -1, X1, X3);
} else {
/* time cut */
int s=¢t/ 2
walkl(to, to +S, Xo, Xo, X1, X1);
walkl(ty + s, t;, Xo + Xp *
}
}
}

Figure 1: Procedure walkl for traversing a 2-dimensional spacetime spanned by a 1-dimensional grid and time

stencil.

Section2. Then, we preser our algorithm for arbitrary
stencils and n-dimensional grids in Section 3, and prove
bounds on the number of cache missesin Section 4.

2 One-dimensional Stencil Algorithm

Procedurewalkl in Fig. 1 traversesrectangular space-
time (t; x), where0- t< T and0- x < N. For sim-
pler illustration, we restrict this procedureto obsene
the dependenciesof a 3-point stencil, i.e. the procedure
visits point (t+ 1;x) after visiting points (t; xj 1), (t; x),

and (t;x + 1). Although we are ultimately interested
in traversing rectangular spacetimeregions, procedure
walkl operateson more generaltrap ezoidalregionssuc
asthe oneshawn in Fig. 2. For integersty, t1, Xo, Xo, X1,
and x5, we de ne the trapezoid T (to;t1;Xo; Xo; X1; X1)
to be the set of integer pairs (t; x) such that to - t< t;
and Xo + Xo(ti to) - x < Xg+ xa(tj to). (Weuse
the Newtonian notation x = dx=dt.) The height of the
trapezoidis ¢t = t; | tg, and we de ne the width

to be the average of the lengths of the two parallel
sides,i.e. w = (X1 Xo) + (X3 Xp)¢t=2. The cen-

ter of the trap ezoidis point (t; x), wheret = (to+ t;)=2
and x = (Xg + X1)=2+ (Xp + X1)¢ t=4 (i.e., the average
of the four corners). The volume of the trapezoid is
the number of points in the trapezoid: Vol(T) = jT].
We only considerwell-de ne d trapezoids, for which
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Figure 2: lllustration of the trap ezoid T (to;t1; Xo; Xo; X1; X1)
for xo = 1 and x1 = j 1. The trap ezoid includes all points
in the shaded region, except for those on the top and right
edges.

these three conditions hold: t;
X1+ Ctexy; , Xot Ctexp.

The special caseT (to;t1; Xo; 0; X1; 0) denotesa rect-
angular region. In this section, we restrict the slopes
Xp and x; of the edgesto assumevalues 1, j 1, or O,
delaying the generalcaseuntil Section 3.

Fig. 1 shows procedure walkl as a recursive
C function whose parameters denote the trapezoid
T (to;t1; Xo; Xp; X1;X3). The procedure visits all points
of the trapezoidin an order that respectsthe stencil de-
pendencies.Procedurewalkl decompsesthe trap ezoid

. o, X1 , Xo, and
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Figure 3: lllustration of a space cut. When the spacedimen-
sion is \large enough" (seetext), procedure walkl cuts the
trap ezoid along the line of slope j 1 through its certer.

recursively into smaller trap ezoids,accordingto the fol-
lowing rules.

Base case: If the height is 1, then the trap ezoid con-
sists of the line of spacetime points (to;Xx) with
Xo - X < X3. The procedurevisits all thesepoints,
calling the application-speci ¢ procedure kernel .
The traversal order is not important becausethese
points do not depend on eac other.

Space cut: If the width is at least twice the height,
then we cut the trapezoid along the line with
slope j 1 through the certer of the trapezoid,
cf. Fig. 3. The recursion rst traversestrap ezoid
Ty = T(to;t1;Xo;Xo0; Xm;i 1), and then trap ezoid
T, = T(to;t1;Xm;i 1;X1;X1). This traversal order
is valid becauseno point in T; dependsupon any
point in T>.

From Fig. 3, we obtain

1 1 1
Xm = E(XO+X1)+ Z()£0+)S1)¢t+ §¢t:

Time cut: Otherwise, we cut the trap ezoid along the
horizontal line through the certer, cf. Fig. 4. The
recursion rst traversestrapezoid T, = T (to;to +
S;Xo; Xp; X1;X1), and then trapezoid T, = T(tp +
S;t1;Xo + XpS;Xp; X1 + X3S;X3), Wheres = ¢ t=2.
The order of these traversalsis valid becauseno
point in T; dependson any point in T,.

In the two recursive cases,even though the computa-
tion of x, or s is basedon integer divisions with trun-
cation or rounding, one can prove that both T; and T,
are well-de ned and nonempty no matter how the quo-
tient is truncated or rounded. Thus, procedurewalkl is
guaranteed to terminate becauseit reducesthe original
problem to strictly smaller subproblems.

Procedure walkl traversesthe rectangular region
T(0;T;0;0;N;0) as a special case. Perhaps surpris-
ingly, the same procedure also works for cylindrical
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Figure 4: lllustration of a time cut: procedure walkl cuts
the trap ezoid along the horizontal line through its certer.

regions in which point (t + 1;x) depends on points
(t; (xi 1)modN), (t;x), and (t;(x + 1) mod N). To
usewalkl in this fashion, invokeit on T (0; T;0;1;N;1)
and interpret all indices (modN) in the kernel. Fig. 5
illustrates how this scheme works for N = T = 10.
In the left part of the "gure, we mark eat spacetime
point with consecutiwe integers in the order in which
the point is visited. Thus, point (t; x) = (0;0) is visited
rst, point (0;1) second,etc. The right part of the g-
ure shows the recursively nestedtrap ezoidsproducedby
walkl. Procedurewalkl traversesthe spacetimeregion
in the black trap ezoid rather than the grey spacetime
rectangle, but the traversal order is consistert with a
cylindrical stencil problem if all indices are interpreted
(modN) in the kernel.

3 Multi-dimensional Algorithm

In this section, we generalizeprocedurewalkl from Sec-
tion 2in two ways. First, we relax the restriction to the
3-point stencil and allow arbitrary stencils. In partic-
ular, we allow spacetimepoint (t + 1;x) to depend on
all points (t; x + k), where jkj - %2 Second,we gen-
eralize our procedure for arbitrary-dimensional space-
time. Fig. 6 shavs a C implementation of the multi-
dimensional walk procedure.

We rst extend procedurewalkl to work for jxpj - ¥
and jx;j - ¥ for an arbitrary slope % In the \space
cut" case,we cut along a line of slope dx=dt = | %
through the certer. This cut guaranteesthat no point
in the left trap ezoid T; dependsupon any point in the
right trapezoid T,. Therefore, the modi ed algorithm
traversesspacetimein an order consister with the sten-
cil dependencies.The expressionfor x,, (seeFig. 3) for
arbitrary slope ¥%2becomes

1 1 1
Xm = E(XO+ X1) + Z()go+ X1)¢ t+ E%tt:

2The generalization of the stencil with respect to dependencies

by choosing slope %= max; (%), where % is the slope between
time stepst+ 1j jandtj j.
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Figure 5: Cache-oblivious traversal of 1-dimensional spacetimefor N = T = 10.

The spacecut can be applied when width w ;| 2%8 t,
which guararntees that the two trap ezoids that result
from the cut are well-de ned and nonempty.

Next, we considern-dimensionalstencils,wheren > 0
is the number of spacedimensions(i.e., excluding time).
A n-dimensional trap ezoid T (to; t1; xg),>gg),x(l'), x{M),
where 0 - i < n, is the set of integer tuples
(t; x@; x@ ;2 x(i D) such that tg - t < t, and

X+ 5Ot t0) - x0 < X+ 1Pt to) for al
0- i< n. Informally, for eah dimensioni, the projec-
tion of the multi-dimensional trap ezoidonto the (t; x()
plane looks like the 1-dimensionaltrap ezoid in Fig. 2.
Consequetly, we can apply the samerecursive decom-
position that we usedin the 1-dimensionalcase:if any
dimension i permits a spacecut in the (t; x(V) plane,
then cut spacein dimensioni. Otherwise, if none of
the spacedimensionscan be split, cut time in the same
fashion asin the 1-dimensionalcase.

Procedure walk in Fig. 6 implements the multi-
dimensionaltrap ezoid by meansof an array of tuples of
type G the con gur ation tuple for one spacedimen-
sion. Fig. 6 hidesthe traversalof the n-dimensionalbase
casein procedurebasecase. We leave it asa program-
ming exerciseto develop this procedure,which visits all
points of the rectangular parallelepiped at time step tg
in all spacedimensions by calling application speci c
procedurekernel .

4 Analysis of Cache Misses

In this section, we prove Theorem 2, which states that
procedurewalk incurs O(Vol(T)=Z1™) cade misseson
a machine with an ideal cache of size Z, provided that
the kernel operates\in-place," that the cadeis\ideal,"
and that the trap ezoidis \suxciently large.”

We say that the kernel of a stencil computation is in-
place if for somek, the kernel stores spacetime point

(t; x©; x@D ;22 x(Mi DY) in the same memory locations
where spacetimepoint (tj k;x©@;:x®;::::x("i D) was
stored, destroying the old value. Our analysis only ap-
plies to in-place kernels, but this condition is true in
most practical situations®.

We use the ideal cache model from [2]. The ideal
cadeis fully assiative and implements an optimal re-
placemen policy. While [2] allows the cace to be par-
titioned into cadhe lines of sizeL, we restrict oursehes
to the caseL = 1in this paper.

We start with a lemma that relates the volume and
the surfaceof an n-dimensional trap ezoid.

Lemma 1l Let T be the n-dimensional trapezoid
T (to;t1; x5 %8 x{: x{7), where0 - i< n. Let T be
well-de ned, w; bethe width of the trapezoidin dimen-
sioni, andlet m = min(¢ t; wo; Wa;:::; Wp; 1)=2. Then,
there are O((1 + n)Vol(T)=m) points on the surface of
the trap ezoid.

Proof: The volume of the trap ezoid is the sum for all
time slicesof the number of points in the (rectangular)
slice:
Y
Vol(T) = (w; + #it) ;
j¢t=2- t<¢t=2 0 i<n

where #; = x(') i )gg). De ne the auxiliary function
V (s) as:
X Y
V(s) = (Wi + 25+ #1t) : (1)
i (¢t=2)j s t< (¢ t=2)+s 0 i<n

Then, we have Vol(T) = V(0), and the number of points
on the surface @/ol(T) is at most V(1) j V(0). We

3If the kernel stores the whole spacetime into distinct memory
locations, then each point in the trap ezoid must obviously incur
a cache miss and no savings are possible.



typedef struct { int Xo, Xo, X1, X3 } C;

void walk(int tg, int t;, Cc[n])

{
int ¢t =ty - tg;
if (¢t ==1) {
basecase(tg, c);
} else if (¢t >1) {
C *p;
[* for all dimensions, try to cut space */
for (p =c; p<c+n; ++p) {
int Xo = p->Xo, X1 = P->X1, Xo = P->Xo, X3 = P->Xy;
if (2% (X1 - Xo) + (X2 - Xo) * ¢t >=4* %* ¢t) {
/* cut space dimension *p */
C save = *p; [* save configuration *p */
int Xm = (2 * (Xo +X1) +(2 * 3+ x9 +x3) * ¢t) / 4
*n = (C)f Xo, Xo, Xm, -%} walk( tp, ti, c);
P =0CH Xm, -% X1, xg § walk(to, ti, c);
*p = save; [* restore configuration *p */
return;
}
}
{
[* because no space cut is possible, cut time */
int s=¢t/ 2
C newc|n];
int i
walk(tg, to +s, C);
for (i =0; i <n; ++i) {
newc[i] = (C){ c[i]. Xo + c[i. Xxp * s, c[i]. Xo,
cfil. xi +cfil. xa*s, cfil. x1}
}
walk(tp + s, t;, newc);
}
}
}

Figure 6: A C99implementation of the multi-dimensional walk procedure. The code assumesthat n is a compile-time constant.
The basecaseand the de nition of the slope ¥are not shown.



approximate the sumin Eq. (1) with the integral

Z(ct=2ws Y
V(s) = (w; + 25+ #;t) dt

i (¢t=2)i s q. i<

and the surface @/ol(T) with the derivative VY0). Af-
ter the substitution t = (m + s)r, we obtain
Z
V(s) =

a(s)
(m+ s)f (s;r)dr ;
i 9(s)

where g(s) = ((¢ t=2) + s)=(m + s) and

f(s;r) =

0- i<n

(wj + (2+ #ir)s+ #irm) :

The derivative VY0) is

i ¢
V9%0) = g%0) ¢m ¢'f (0;g(0)) + T (0; i 9(0))

Z M —
9(0) A
+ fon+medEN= g
i 90) ds 0
)
Obsene that
Sy X .
med (8= =f(0;r)¢ mEHIM 0;r);
ds 0 jen Wit #irm
3)

where the inequality holds because(2m + #;rm)=(w; +
#;rm) - 1, which holds becausewe have 2m - w; by
de nition of m, and becausewe have w; + #rm , 0
sincethe trap ezoid is well-de ned.

Further obsene that, becausem - ¢t=2 holds by
de nition of m, we have that g¥(s) = (mj ¢ t=2)=(m +
s)? - 0. Becausethe trap ezoid is well-de ned, we have
f(s;r), Oandm, 0. Therefore, we obtain

i ¢
g%0) ¢m ¢'f (0;g(0)) + f (07 g(0)) - O: (4)

By substituting Egs. (3) and (4) into Eq. (2), we ob-
tain the result VY0) - (1 + n)V(0)=m, and the lemma
follows. Q.E.D.

Theorem 2 Let T be the well-de ned n-dimensional
trapezoid T (to;t1;x{7;x{7;x{7;xM).  Let procedure
walk traverse T and execute a kernel in-place on a
machine with an ideal cace of size Z. Assume that
¢t=-(2Z¥™) and that w; = -( Z¥") for all i, where
w; is the width of the trapezoidin dimensioni. Then,
procedure walk incurs at most O(Vol(T)=Z ") cade

misses.

Proof: (Sketch) Procedurewalk recursively cuts a large
trap ezoidinto smallertrap ezoids. During this recursion,
a sub-trapezoid S evertually becomesso small that it

has £( Z) points on its surface. Becausethe problem
is in-place, all spacetimepoints in S can be computed
with O(@/0ol(S)) cache misses,sincethe cade is ideal
by assumption.

If a spacedimensioni exists for which w; | 238 t,
then walk cuts space dimension i, and otherwise it
cuts time. Consequetly, for sub-trapezoid S we have
¢t = £(w;) for all i. Therefore, we have ¢t =
-(( @ol(S))¥™) = -( Z¥™). From Lemma 1, we ob-
tain @/ol(S) = O(Vol(S)=¢t). Thus, the number of
cade missesfor executing S is O(Vol(S)=Z*™"). The
theorem follows by adding the cache missesincurred by

all such sub-trapezoids. Q.E.D.
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